We investigate an epidemic spreading process by means of a computational simulation on the Apollonian network, which is simultaneously small-world, scale-free, Euclidean, space-filling and matching graphs. An analysis of the critical behavior of the Contact Process (CP) is presented using a Monte Carlo method. Our model shows a competition between healthy and infected individuals in a given biological or technological system, leading to a continuous phase transition between the active and inactive states, whose critical exponents β/ν ⊥ and 1/ν ⊥ are calculated. Employing a finite-size scaling analysis, we show that the continuous phase transition belongs to the mean-field directed percolation universality class in regular lattices.
Introduction
In the last few years, important steps toward a better understanding of critical phenomena in complex networks have been made [1, 2] . In particular, the research community has devoted a great deal of attention to the study of the dynamical processes on these networks [3] [4] [5] , which can have important implications in the study of real processes such as social systems [6] , virus spreading in computers, and traffic in technological information systems [7, 8] , as well as the spread of epidemic diseases [9, 10] . For the latter process, the contamination of vertices on the complex network, the existence of nonequilibrium phase transitions, and the identification of the type of transition, are the tools to study the spreading of epidemic processes. From the theoretical point of view, despite its simplicity, the mean-field (MF) model is the usual technique used to study such networks' behavior [11, 12] , since it describes qualitatively well most of the phase transitions, particularly the critical behavior of complex networks which belong to the MF universality class [13] .
Complex networks describe many systems in nature and society [14, 15] , and most of them share three features: powerlaw degree distribution, small average path length, and high clustering coefficient. Regarding their topology, they are usually divided into three large classes [16] : random networks, where all the nodes are randomly connected [17] , scale-free network, presenting connected graph with the property that the number of links originating from a given node exhibits a power law distribution [18] , and the small-world one, showing structures where the diameter or the average shortest path ℓ increases logarithmically with the system size N (number of nodes) [19] .
Among the complex networks, the Apollonian network is a special one since it belongs to a particular class of deterministic networks that are scale-free, display small-world effect, can be embedded in a Euclidean lattice, and show space-filling as well as matching graph properties [20, 21] . Previous studies have already been made about their topological features, and their effect on the behavior of a variety of transport and growth models [22] [23] [24] [25] [26] [27] . In particular, the nature of the one-electron eigenstates (energy spectrum) of a free-electron gas in the Apollonian network has been recently investigated presenting several unique features such as delta-like singularities, gaps and minibands, as well as localized, extended and critical electronic states [28] .
In this work we focus our attention on the properties of the Contact Process (CP) model in the Apollonian network. The Contact Process model was introduced by Harris in 1974 [29] and is one of the most investigated epidemic spreading models.
According to the MF model, the critical behavior of the system depends on the distribution degree γ . More precisely, there are three regions; for γ > 3 the critical exponents are β = 1 and ν ⊥ = 2; for 2 < γ < 3, we have β = 1/(γ − 2) and ν ⊥ = (γ −1)/(γ −2); and for γ < 2 there is no transition for a finite λ [30, 3, 13, 31] . A variation of the CP model, the so-called susceptible-infected-susceptible (SIS) model is also widely applied in complex networks [32, 33] . The CP model is defined as a d-dimensional lattice L d , where each site is identified as individuals in two states: healthy (inactive) and infected (active). The dynamics of the interaction between the individuals obeys local Markovian rules. In this context, healthy individuals become infected at a rate that depends on the number of infected neighbors, while the infected one becomes healthy at a rate λ, with the density of infected individuals ρ D going to zero for high values of λ. On the other hand, it evolves to a stationary state with a finite density of infected individuals for low values of λ, with a critical λ c separating the active and inactive regimes. This model, therefore, exhibits a continuous phase transition between a stationary active state and one absorbing state (ρ D = 0). Numerical simulations have shown that this transition between active and inactive regimes belongs to the directed percolation universality class [34] .
In this work, we perform an extensive numerical simulation of the contact process on the Apollonian network, aiming to verify the type of phase transition and to estimate the critical properties of the network. We also verified how the topology of this network affects the critical properties, looking for which universality class this system belongs to. This paper is organized as follows. In Section 2 we present the Apollonian network model according to the current literature. In Section 3 we consider the numerical simulations of the CP model, as well as the discussion of the numerical results. Section 4 is devoted to some concluding remarks.
Apollonian networks
The Apollonian network is a deterministic version of the problem of space-filling packing of spheres. In the twodimensional version, we consider the problem of a space-filling packing of disks according to the ancient Greek mathematician Apollonius of Perga Ref. [35] . Three disks touch each other and the circle between them is filled by another disk that touches all the previous three, forming much smaller circles that are then filled again and so on (see Fig. 1 ). Connecting the centers of the touching disks by lines, one obtains a network which gives a triangulation that physically corresponds to the force network of a dense granular packing. This network resembles the graphs introduced by Dodds Ref. [36] for the case of random packings, and has also been used in the context of porous media [37] .
The above described Apollonian network has the following properties:
(i) It is scale-free. The cumulative of the degree distribution,
characterizing the stationary distribution P(k).
Here k is the vertex degree (connectivity), and N n = 3 + (3 n+1 − 1)/2 is the number of vertices at each generation n; (ii) It displays small-world effect. The average length of the shortest path ℓ, between two vertices, grows slower than any positive power of the system size N. In fact, the Apollonian network behaves like a random graph, i.e., ℓ ∝ [ln(N)]
3/4 , and has a clustering coefficient C = 0.828 in the limit of large N. For instance, the clustering coefficient for the collaborations network of movie actors is C = 0.79. Accordingly, since ℓ grows logarithmically and C tends to unity (regular lattice), the Apollonian network indeed exhibits a small-world effect.
The Apollonian network has been used to describe many physical or biological systems, namely: bond percolation [20] , magnetic systems [38] [39] [40] , study of activity-dependent neural networks [41] , vehicular traffic [42] , and opinion formation [43] , among others. Here we intend to extend the Apollonian network application to study the epidemic spreading processes using the CP model, as it is described in the next section.
Critical behavior of the contact process model on the Apollonian network

Model and the numerical simulation
In this section we make a description of the CP model on the Apollonian network. We build networks with size N = (iii) At each time step, one vertex is chosen randomly on the network, and its state σ i is verified. If σ i = 0, this vertex will be infected with probability 1 if all neighbors are infected. Otherwise, the vertex will be infected with probability z D /z n , where z D and z n are the number of infected neighbors and total numbers of neighbors of σ i , respectively. If the chosen vertex σ i is equal to one, this vertex will be cured with probability λ.
(iv) During the time evolution, we track the density of infected individuals as a function of the recovering rate. When the system reaches the absorbing state, i.e., when the density of infected individuals goes to zero, we replace the healthy individual randomly by an infected one (see Ref. [44] ). After that, steps (iii) and (iv) are repeated.
Results
Now we present the numerical results for the contact process model on the Apollonian network. We employ a finite size scaling analysis on the order parameter data to estimate the critical point, and to directly obtain the critical exponents β/ν ⊥ and 1/ν ⊥ .
In Fig. 2 we show a plot of the average density of infected individuals ρ D against the recovery probability λ for a network with size N = 1096. The curve clearly indicates a continuous phase transition, with λ c (the critical point) defining the threshold transition. Assuming this scenario of a continuous phase transition, we obtain the critical properties of the system performing a finite size scaling analysis of the data. After finding λ c , we can calculate the critical exponent β/ν ⊥ , considering that ρ D satisfies the following scaling relation (see Refs. [45] [46] [47] ):
(1) Fig. 3 . Plot of the auxiliary functions g(N, N ′ , λ) against λ for several pairs (N, N ′ ) . From the intersection of these auxiliary functions we can estimate the critical point λ c = 0.699. As a consequence, it is possible to estimate also the critical exponent β/ν ⊥ = 0.536. The preceding relation implies that the set of auxiliary functions
for lattice sizes N and N ′ intercept at the same point (λ c , β/ν ⊥ ) in the thermodynamic limit of very large system sizes. A small spread of the crossing point is usually associated with the finite-size scaling corrections. In Fig. 3 we plot the auxiliary functions g(N, N ′ , λ) for several network sizes N, showing the crossing point of such functions around the critical region. From this intersection, we estimate the critical point λ c = 0.699 and, as a consequence, we also estimate the critical exponent β/ν ⊥ = 0.536. After reaching the critical point we perform an additional calculation to obtain ρ D (N) for different values of λ around λ c , i.e., in the interval 0.680 ≤ p ≤ 0.720. Next, using a polynomial interpolation [48] of the obtained data, we calculate the curvatures of the graphs of ln ρ D (N) against ln(N) to estimate, with good precision, the quantities of interest at intermediate points. Fig. 4 shows the curvatures obtained via polynomial interpolation, indicating the critical point region. Focusing our attention on the interval curvatures between −0, 0289 and 0.0452 we infer that when the curvature is zero, λ c = 0.700(4). The error bars are given as a function of the error bars of each curvature. As a consequence, we obtain the associated critical exponent β/ν ⊥ = 0.54(2), according to the following scaling property: ρ D ∝ N −β/ν ⊥ (see Fig. 5 ). In the inset of Fig. 4 , using our best estimation for β/ν ⊥ , we plot the scaled order parameter ln ρ * D = ln(ρ D ) + (β/ν ⊥ ) ln(N) against the system size [49] . The data for λ c < 0.700 curve upward, while those for λ c > 0.700 curve downward, leading to the estimate λ c around 0.700, as obtained previously.
Next, to estimate the exponent ν ⊥ we considered the power-law dependence of the derivatives on the system size expressed by [48] Here, we considered data on an interval including λ c . A linear fit to the data yields 1/ν ⊥ = 0.51 (2) . A power-law dependence of the derivatives on the system size can be seen in Fig. 6 . Our numerical simulations can be compared with those reported in the current scientific literature, where there is a plethora of studies on epidemic spreading modeling on complex networks, such as the CP model [1, [50] [51] [52] , in which its critical behavior depends on the network structure. As mentioned previously, according to the MF theory, the critical behavior of the system depends on the degree distribution γ , whose value for the Apollonian network is 2.585. However, our simulations give us β/ν ⊥ = 0.54(2) and 1/ν ⊥ = 0.51(2), closer to the MF exponent for the γ > 3 case, as in regular lattices. So, although 2 < γ < 3 for the Apollonian network, our results lead us to conclude that the absorbing state phase transition occurring in our work belongs to the universality class of the MF theory of regular networks [50] being, to the best of our knowledge, the first report on which a phase transition takes place in an Apollonian network.
Summary
In summary, we have employed the contact process model to mimic an epidemic propagation on the Apollonian network. We investigated the effect of its unique topology on the absorbing state phase transition, and the consequent critical properties of the contact process on dimensions above the critical one. The dynamics of contamination and cure follows the same rules of the usual contact process, except by the number of neighbors of each site, which follows the structure of scale-free networks.
Concerning the critical properties of the contact process, we have employed a finite size scaling analysis to estimate the critical point λ c and its critical exponents β/ν ⊥ , 1/ν ⊥ and β. The results show that a continuous phase transition takes place between the active and inactive states as a function of the control parameter λ with well defined critical point and exponents. The simulations lead us to conclude that the topology of the Apollonian network did not influence the overall behavior of the epidemic spreading. The critical exponents found here are closer to the MF values of the exponents found by Castellano and Pastor-Satorras
Ref. [50] , β = 1 and 1/ν = 0.5 for scale-free networks with γ > 3, which coincides with the mean-field exponents on regular lattices. We conclude by stressing that, even though in the thermodynamic limit the global connectivity of the Apollonian network cannot be destroyed despite how many connections are broken, the contact process model on the Apollonian network presents a phase transition with critical exponents β/ν ⊥ and ν ⊥ belonging to the universality class of the MF theory of regular networks.
